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ABSTRACT The hydrodynamic properties of a torsionally flexible cylinder are studied using the extrapolated 
shell method. The method appears to be exact. What is derived is a general equation that relates the angular 
velocity at some point along the cylinder to the torque per unit length acting on the entire cylinder. In the 
special case of a torque that varies sinusoidally along the cylinder, a simple equation for the rotational friction 
coefficient is derived. This result is important in connection with the dynamical theory of torsion in mac- 
romolecules in which only approximate account of hydrodynamic interaction has been taken to date. In the 
case of DNA, it is concluded that present theory is valid down to approximately 5 ns and that by taking 
hydrodynamic interaction properly into account, theory would be valid down to about 0.1 ns. 

Introduction 
In this article, the hydrodynamic properties of a long 

cylinder that is torsionally flexible are considered. Spe- 
cifically, a general equation is derived relating the in- 
stantaneous angular velocity a t  some point to the instan- 
taneous torque per unit length acting over the entire 
cylinder. This result appears to be exact within the lim- 
itations of the assumptions about the nature of the fluid 
and its interaction with the cylinder surface. In the special 
case of a long cylinder undergoing uniform rotation about 
the cylindrical axis, Perrin's result is obtained' 

rhydro = ypw (1) 

yp = 47r77a2 (2) 

where is the hydrodynamic torque per unit length, 
w is the angular velocity, yp is the rotational friction 
coefficient per unit length, 1 is the solvent viscosity, and 
a is the radius of the cylinder. 

This work was motivated by the recent interest in the 
rapid twisting or torsional motions of DNA detected by 
fluorescence depolarizationz4 and EPR.5 The dynamical 
theory of DNA twisting was originally worked out inde- 
pendently by Barkley and Zimm6 and Allison and Schurr.' 
Since then, the effect of torsional motions on NMR re- 
laxation parameterss and depolarized light scatteringg have 
been studied. It can be anticipated that torsional motions 
in macromolecules will be the subject of numerous future 
investigations. 

To  date, the hydrodynamic interactions of a torsionally 
flexible macromolecule have only been accounted for in 
an approximate way. Both Barkley and Zimm6 and Allison 
and Schurr' used the Perrin formula (eq 1) to account for 
the hydrodynamic torque. In any dynamical model, this 
is exact only if the entire molecule (modeled as a cylinder) 
rotates a t  the same rate. If, for example, a small region 
of the cylinder rotates faster than neighboring regions a t  
a given instant, then the hydrodynamic torque on the 
faster moving region would be larger than predicted using 
the Perrin formula because of increased solvent drag. One 
of the primary objectives of this work is to account more 
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accurately for the hydrodynamic interactions in a dynam- 
ical model of macromolecular torsion. 

The problem is approached using the extrapolated shell 
method.lOJ1 This method originated with Bloomfield et 
a1.I2 and consists basically of viewing the hydrodynamic 
properties of the macromolecule as resulting from the 
solvent perturbation by point sources of friction uniformly 
distributed over the object's surface. The problem of the 
hydrodynamic interaction between point sources of friction 
was considered by 0seen,13 who derived an interaction 
tensor, the Oseen tensor, for any configuration. This tensor 
has been extended to account for the finite size of the 
(spherical) beads and is known as the modified Oseen 
tensor in this form.14J5 

The macromolecule is modeled by placing a large num- 
ber of identical beads uniformly over its surface and the 
hydrodynamic properties (translational and rotational 
friction coefficients) are determined using the Oseen tensor 
or its modified form. In general, the problem must be 
solved numerically for a finite number of beads. The 
process is repeated using a larger number of smaller beads 
and finally, the limit of an infinite number of beads of 
infinitesimal size is estimated by extrapolation.lOJ1 In this 
limit, the shell model appears to be exact and is of great 
value and utility since it can, in principle, be applied to 
macromolecules of any geometry. Unfortunately, these 
calculations are expensive and time-consuming. Garcia de 
la Torre and Bloomfield have described various approxi- 
mations and possible alternatives to the extrapolated shell 
m e t h ~ d . ' ~ . ' ~  

In a few limited cases where the object possesses a high 
degree of symmetry, it is possible to solve the problem 
analytically. A still broader class of problems can be solved 
analytically if, for example, use is made of the Kirkwood 
approximation.'8 Recently, the translational friction of a 
toroid was solved in this manner and was found to be 
accurate to within a few percent of the exact va1~e . l~  (In 
the case of the toroid, the exact value was determined 
numerically by the extrapolated shell method with no 
approximations. These calculations required more than 
200 h of computer time on a PDP-12 computer equipped 
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with a floating-point processor.) In the problem of interest 
in the present work, it will turn out that the problem can 
be solved exactly and analytically with no approximations. 

Model 
The macromolecule is modeled as a long cylinder that 

lies along the z axis with its ends a t  z = f L / 2 .  I t  is as- 
sumed that the solvent can be treated as a homogeneous 
continuum with viscosity q and that it is at rest at distances 
far from the cylinder. It is further assumed that the only 
motion of the cylinder involves twisting or torsional 
motions about its long axis. There are no restrictions 
placed on how the instantaneous (rotation or torsion) an- 
gular velocities vary along the cylinder. 

To begin, imagine that a large number of identical, non- 
overlapping beads are uniformly placed a t  a distance a 
from the z axis to generate a beaded cylinder. The beads 
are allowed to rotate about the z axis and this rotation rate 
is allowed to vary for different positions along z. All beads 
at  the same z position are constrained to rotate at  the same 
rate. The velocity perturbation of the solvent a t  bead 1 
due to the presence of the other beads is given by the 
well-known equation13 

(3) 

where v[ is the velocity perturbation of the solvent at  bead 
1, v1 would be the actual solvent velocity a t  bead 1 if bead 
1 were not there, vp is the solvent velocity a t  bead 1 in the 
absence of all beads, us is the actual velocity at  bead s, and 

v[ = v1 - vp = C tk.(U, - v,) 
S # l  

where b is the bead radius, Rk is the distance between 
beads 1 and s, I is the unit tensor, and RbR1,/Rls2 is a 
second rank Cartesian tensor or dyad. 

Since the solvent is a t  rest in the absence of beads, vp 
= 0. Furthermore, we can write 

us - v, = [@,(bead) - w,(solvent)] X a, 

where o,(bead/solvent) is the angular rotation vector a t  
beadtsolvent position s, a, is a radial position vector at  
bead s, T, is the torque on bead s, and Yb is the rotational 
friction coefficient of a single bead of radius b rotating at  
a distance a from the axis. I t  is given by20 

Yb  = 6r7ba2 4- 87rqb3 (6) 

Assuming the beads are all small compared to the distance 
a, the second term in both eq 4 and eq 6 can be ignored 
and eq 2 can be written 

(7) 
S Z l  

where 

Now imagine taking the simultaneous limits of zero bead 
size and infinite bead number. Replacing the sum in eq 
7 with an integral, we can write 

v1 = J ’ds H1,.[T, X a,] (9) 

where the prime signifies that the term s = 1 is excluded. 
The integral over bead index can be replaced by a surface 
integral 
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ds-u dA = aa d4 dz (10) 

where u denotes the number of beads per unit area, and 
(a, 4, z )  are cylindrical coordinates of some point R on the 
cylinder surface. Also, the torque on beads at  position R 
can be defined in terms of a torque per unit length, r(R), 
by 

(11) 
1 T, = -T(R) 

27ra CJ 

If bead 1 in eq 7 is a t  point R’, then we can write 

v(R’) = L1dcp dz H(R’ - R).[T(R) X a(R)] (12) 

In eq 12, v(R’) represents the solvent velocity at  the 
position R’ on the cylinder surface in the limit of an infinite 
number of beads. For stick boundary conditions, v(R’) is 
also the instantaneous velocity of the cylinder a t  the point 
R’. v(R’) can be written 

v(R’) = o(R’) X a(R’) (13) 

27r 

and since 

a(R’) X v(R’) = a2w(R’) (14) 
we finally have 
w(R’) = 

In the Appendix, it is shown that eq 15 can be written 
w(z1 = 

c - 
+L/2 

1 dz r(z)$2rdQ 0 1 r 
16a2a2q I L / 2  

where r = [ ( z ’ -  z ) ~  + 2a2(1 - cos ~ $ ) ] l / ~ .  The quantity in 
brackets in eq 16 is easiest to solve by using the Green’s 
function expansion of 1 j r in cylindrial coordinatesz1 
1 - = ! l m d k  cos [ k ( z  - 291 X 
r T O  

m 

I’/Io(ka)K,(ka) + C COS (W)Zm(ka)Km(ka)l 
m = l  

where I ,  and K, are modified Bessel functions. 
quantity l /r3 is readily evaluated by noting 

a2 sin cp 
r3 

Hence 

m 

C m sin (m~)Im(ka)Km(ka)  
m = l  

Using eq 17 and 19 we have 

cos 4 a2 sin2 4 -+-= 
r r3 

!Jmdk cos [ k ( z  - ~?]( ‘ /~I~(ka)K~(ka)  cos cp + 
T O  

m 

C [cos cp cos (mcp) + m sin cp sin (m4)]Im(ka)Km(ka)) 

(20) 
m = l  

The 4 integration in eq 16 then gives 
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J2rd4 [ - + - -] = 
cos 4 a2 sin2 4 

r r3 

8 S m d k  cos [ k ( z  - z3]Zl(ka)Kl(ka) (21) 
0 

Combining this result with eq 16, we finally have 
w(z? = 

Macromolecules 

Table I 
Friction Coefficients and Approximate Relaxation Times 

of  Several Short Normal Modes of  DNAa 

dk Il(ka)Kl(ka)J+L/2dz -L/2 T ( Z )  cos [k ( z ' -  z ) ]  

Equation 22 is a general result and shows how the in- 
stantaneous angular velocity a t  the point z'is related to 
the hydrodynamic torque per unit length acting on the 
entire cylinder. Note that in general, it is not possible to 
define a friction coefficient since it implies a one-to-one 
correspondence between o ( z )  and ~ ( 2 ) .  The assumptions 
made in deriving eq 22 are as follows: (1) the solvent can 
be treated as a homogeneous continuum with viscosity q 
and is a t  rest far from the cylinder, (2) the Oseen tensor, 
eq 3 and 4, correctly accounts for the hydrodynamic in- 
teractions if the cylinder surface is modeled by a large 
number of small, identical beads of uniform surface den- 
sity, and (3) stick boundary conditions hold. 

Application to Torsional Brownian Motions 
Equation 22 can be evaluated for a number of special 

cases. The simplest involves a long cylinder in which the 
hydrodynamic torque per unit length is assumed constant. 
This corresponds to a long cylinder undergoing uniform 
rotation and yields the familiar Perrin formula given by 
eq 2. The case in which the hydrodynamic torque per unit 
length varies sinusoidally along the cylinder is simple to 
solve. Assume 

T ( 2 )  = 7 0  cos (42 + E )  (23) 

where r0 is the amplitude of the hydrodynamic torque, 
2*/q is the distance along the cylinder for a complete cycle 
of the torque, and E is a phase factor. For the case of a 
very long cylinder, eq 22 can be written 

X 
TO 

w(z? = - 
27r2a2q 

L m d k  Zl(ka)Xl(kn)Jfmdz -m cos (qz + E )  cos ( k ( z ' -  z ) )  

(24) 

provided z' is not near the end of the cylinder. By ex- 
pressing the cosines in eq 24 in complex exponential form 
and making use of the following representation of the 6 
function 

it follows that 

Comparing this result with eq 1, it can be seen that the 
corresponding friction coefficient can be written 

For qa << 1, corresponding to a variation in torque or 
angular velocity that is gradual compared to the thickness 
of the cylinder, eq 27 reduces to the Perrin result as it 

2n 14 appr ox 
(base pairs) rlrhn relax time. ns 

2 11.130 
10 2.421 
20 1.538 
30 1.303 
40 1.199 
50 1.142 
80 1.069 
200 1.016 

0.001 
0.104 
0.405 
0,900 
1.61 
2.51 
6.43 

40.2 
See text for details. 

must. On the other hand, y(q)  may deviate substantially 
from the Perrin result when this condition is not satisfied. 

Equation 27 is important in connection with the dy- 
namical theory of torsion in linear macromolecules.6~7 On 
the basis of recent fluoresecence depolarization experi- 
ments, it has been concluded that native DNA behaves like 
a torsionally uniform elastic filament.3,4 The torsional 
motion at  a particular position and time can be thought 
of as a linear superposition of normal modes that vary 
sinusoidally along the helix. The friction coefficient cor- 
responding to a particular normal mode is then given by 
eq 27. 

In the theories of Barkley and Zimm6 and Allison and 
Schurr' the actual friction was approximated using the 
Perrin result. In the latter theory, the DNA was modeled 
by N + 1 identical rigid rods, which can be taken here to 
be 1 base pair in length, linked end-to-end by Hookean 
torsion springs and undergoing collective torsional Brown- 
ian motion about their fixed rod axes. The wavelength of 
normal mode k, in base pairs, is given by 

Lk = 2(N + l ) / ( k  - 1) base pairs (28) 

where 1 I k I N + 1. The case lz = 1 corresponds to the 
uniform mode and k = N + 1 corresponds to the shortest 
mode in which all base pairs twist in opposite directions 
on going from one base pair to the next. The approximate 
relaxation time associated with mode k is given by 

t k  = ?bp/[4ff sin2 (*/LJl (29) 

where ybp is the (approximate) friction coefficient for a 
base pair of length 3.4 A and a is the torsional force con- 
stant between base pairs.7 

Table I summarizes some of the results of this section 
and uses eq 27-29. It was assumed that a = 12 A in eq 
27. In calculating the relaxation times, use was made of 
the results of Thomas et a1.f a = 1.38 X dyn cm, Ybp 
= 5.47 x dyn cm s. The main point of Table I is that 
the normal mode relaxation times calculated using eq 29 
(third column) are incorrect since the friction constants 
are incorrect, at least for normal modes shorter than about 
100 base pairs. 

From the fluorescence depolarization  experiment^,^-^ it 
can be concluded that most of the depolarization results 
from the concerted motions of between 80 and 200 base 
pairs and that this takes place over a time interval between 
5 and 40 ns. On this basis, the Perrin formula is probably 
a good approximation. Nonetheless, Thomas et al.3 ob- 
served a small, but detectable depolarization between 0.2 
and 2.5 ns, corresponding to a normal mode length of 50 
base pairs and less. It was further concluded that the time 
resolution of the experiment was such that normal mode 
lengths of as few as 20 base pairs could be detected. For 
these rapid modes, the Perrin result underestimates the 
actual friction significantly and on this basis, it can be 
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Figure 1. Geometry for the elastic cylinder model. R’ and R 
are position vectors, a’ and a are radial vectors from the axis of 
rotation, and z’and z denote positions along the axis of rotation. 
a’ is chosen to lie along the x axis (4’ = 0). 

concluded that the theory needs to account more accu- 
rately for hydrodynamic interaction if it is to be applied 
at  times shorter than several nanoseconds. 

I t  is worthwhile a t  this point to consider other as- 
sumptions of features of the model which may limit 
analysis at  times shorter than several nanoseconds. Some 
of these pertain to both the dynamical theory of torsion 
in macromo1ecu1es6~’ and also the extrapolated shell me- 
thod used to derive eq 22. In both cases, modeling the 
macromolecule as a homogeneous, torsionally elastic cyl- 
inder is valid as long as the wavelength of the normal mode 
is large compared to local variations in the structure. In 
the case of DNA, we can expect this to be true for normal 
modes of wavelength 10 base pairs or more, corresponding 
to relaxation times in excess of 0.10 ns. 

I t  is also assumed that the macromolecule is surrounded 
by a liquid continuum characterized by a viscosity q. At 
sufficiently short times or high frequencies, the solvent 
exhibits the properties of a solid rather than a liquid.22 I t  
is not known where this transition occurs in water, but it 
can be expected to take place a t  times comparable to the 
molecular reorientation times. Since the dielectric relax- 
ation time of water is 1 X s,23 it can be anticipated 
that the transition from solid to liquid-like behavior occurs 
on the picosecond time scale. 

With regards to the shell model, it is assumed that the 
Oseen tensor properly accounts for the hydrodynamic in- 
teraction. From eq 3, it can be seen that the velocity 
perturbation a t  some point depends on the state of the 
system at the same instant. In other words, no retardation 
effects are included in the Oseen tensor. However, since 
a mechanical perturbation in the solvent can be expected 
to propagate at  the speed of sound, which is approximately 
1.7 X lo6 A/ns, retardation effects on the Oseen tensor 
should be unimportant. 

One last assumption that is rather difficult to deal with 
is the assumption that stick boundary conditions ade- 
quately describe the cylinder-solvent interface. In the case 
of rotational motion, stick boundary conditions undoubt- 
edly hold for macromolecules with a molecular weight of 
loo00 or more,= but for small molecules (molecular weight 
up to 300) it appears that a condition intermediate between 
stick and slip Unfortunately, the molecular 
weight range between 300 and 10 OOO has not been studied 
in sufficient detail to determine where the stick boundary 
condition breaks down. To be cautious, we might rea- 
sonably expect stick boundary conditions to be valid for 
a particular normal mode provided its corresponding 
molecular weight exceeds 10 000. In the case of DNA this 
corresponds to 15 base pairs or more or relaxation times 
of 0.23 ns or longer. 
Conclusions 

On the basis of the previous section, it can be concluded 
that current dynamical theory of torsion in macromolecules 
is valid down to 5 ns and that proper inclusion of hydro- 

Hydrodynamic Properties of a Flexible Cylinder 1547 

dynamic interaction would extend its range of validity 
down to approximately 0.1 ns. Work on just that problem 
is now well under way in this laboratory and shall be 
submitted shortly. At  still shorter times, such factors as 
deviations from stick boundary conditions, local structural 
features, and possibly solvent viscoelasticity become 
problems. 

This has been one application of eq 22 and other useful 
applications undoubtedly exist. For example, a slowly 
migrating protein bound to DNA may produce a large, 
localized torque in the neighborhood to which it is bound.% 
Equation 22 could then be used to study what effect that 
protein has on local dynamics. 
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Appendix 
The geometry of the problem is shown in Figure 1. 

Because of the symmetry of the problem, a’ can be chosen 
to lie along the x axis without loss of generality. The 
various vectors of interest are 

(AI) 

a(R’) = a; (-42) 

T(R) = ~ ( z ) k  (A31 
where 2, 3, and k denote unit vectors along x ,  y, and z ,  
respectively. The tensor H(R’ - R) can be written 

a(R) = a(cos (42) + sin (4;)) 

H(R’-R)  = - X 
8nqi-a’ 

a 

a’ az  a 

r 2  r’ r z  
--(l-cos@)sin@ 1 +-sinZ@ - -(z’-z) sin@ 

a (2’ -2) 
-(z’-z)( 1-cos @) --(2’-z) sin Q 1 t - 
r z  r Z  r2 - 

(A41 
where 

r = IR’ - RI = [ ( z ’  - z ) ~  + 2a2(1 - cos c $ ) ] ’ / ~  (A5) 

I t  is then straightforward to show that 
a(R0 X (H(R’ - R)-[T(R) X a(R)]i = “( - co; @ + a2 sin2 4 )  

8x17 r3 
646) 

There is actually a 3 component that has been ignored in 
eq A6 since simple inspection verifies that this term van- 
ishes upon integration over @. Substitution of eq A6 in 
(21) leads directly to eq 22. 
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Generalized View of Molecular Weight Dependence of 
Microdomain Size of Block Polymers. Appraisal of 
Hadziioannou-Skoulios' Data on Binary Mixtures of Block 
Polymers 
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ABSTRACT An appraisal of Hadziioannou-Skoulios' data on binary mixtures of block polymers a and p 
has been carried out to derive a scaling rule relating microdomain size with average molecular weight of the 
mixture. The mixtures as well as the pure block polymers a and @ studied in this work have the lamellar 
microdomain. Hadziioannou-Skoulios' results on the lamellar identity period D of the mixtures are found 
to be summarie_ed as D - ana and SIN - where a = 2/3  to 4 /5  for the molecular weight range covered 
in this study, M, is the number-average molecular weight of the block polymers in the mixture, and SIN is 
the average interfacial area occupied per chemical junction pqint of the block polymers. This result is a 
generalized form obtained for the pure block polymer, for which M,, should be replaced by the molecular weight 
of the block polymer. 

I. Introduction 
We discuss here the relationship between the size of the 

microdomain structure of amorphous block polymers and 
the molecular weight of the block polymer ,composed of 
A and B polymer chains under a strong segregation limit 
where A and B exert a strong repulsive potential, Le., x d  
>> 2 (xm being the Flory-Huggins interaction parameter 
between A and B and Z being the total degree of polym- 
erization for the block chain).'P2 For pure block polymers 
having a very narrow molecular weight distribution, this 
relationship has been extensively studied, and the following 
scaling rule has been derived for polystyrenepolyisoprene 
(SI) and polystyrene-polybutadiene (SB) di- and triblock 
polymers giving rise to the lamellar microdomains3 over 
the range of molecular weights Mt from ca. 2 X lo4 to 2 
x 106: 

D1 = 0.024M,2/3 (nm) (1) 

(S/N), = 0.14M,'/3 (nm2) (2) 

where D1 is the identity period of the lamellar microdo- 
mains, ( S I N ) ,  is the average interfacial area occupied by 
a single chemical junction point of the block polymer, and 
Mt is the total molecular weight. It should be noted that 
for ABA triblock polymers, Mt refers to the molecular 
weight of the diblock polymers A-(1/2)B. It has also been 
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shown3 that this rule, obtained for a limited range of 
molecular weight, can be quantitatively explained in terms 
of equilibrium theories based upon statistical mechanical 
treatments of random flight chains in confined 
However, it should be noted that the theories indicate that 
the functional form D - Ma is not very good over the 
whole molecular weight range and a is not exactly equal 
to 2 / 3  even in the high molecular weight limit. Since this 
point is essential, we will clarify it more rigorously below 
in the context of Helfand-Wasserman's narrow interphase 
appr~x ima t ion .~  

The free energy density of the microdomain formation 
f is given by7 

f(Q) = c,(Mt/Dl) + cz(Q/M,"2)p + c3 log D1 (3) 

where the coefficient ci's are constants independent of 
molecular weight Ml and identity period D, but dependent 
on Kuhn's statistical segment length, densities, the in- 
teraction parameter x, etc. The first term on the right- 
hand side of eq 3 arises from surface free energy, the 
second term from the constraint entropy loss (loss of en- 
tropy from confining the chains in their respective do- 
mains), and the third term from the placement entropy 
loss (loss of entropy from confining the chemical junction 
points in the interfacial regions). The constant p was 
numerically evaluated to be 2.L7 In the high molecular 
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